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Abstract

In this paper, we study further to explore the effects of temperature on the elastic behavior of short compact polymers. Average
conformations and thermodynamics statistical properties at various temperatures 7 are calculated here. Different chain lengths N and
elongation ratio A are also considered simultaneously. From the plots of f and f;; vs. elongation ratio at low temperature, we can know that
compact polymers are more close to the native states. With temperature decreasing deeply, polymer chains have the tendency to form
globular structures. The results are concluded from: the ratio of (L3)/(L3) increase abruptly with temperature decreasing at low temperature,
and both characteristic ratio (R*)/Nb? and average energy per bond (U) decreases abruptly with temperature decreasing at low temperature,
here L2, and L3 are the eigenvalues of the radius of gyration tensor S (L? =< L3). We also analyze the relationship between the heat capacity
Cy and temperature 7 for different chain lengths in the process of tensile elongation. The coil-to-globule transition temperature 7, can be
estimated from the location of the peak on the heat capacity plot as a function of temperature. The plots of (R?) as a function of chain length N
at different temperatures are also shown, and the correlation (R*) ~ N¢ is obtained at T > T, or T < T,, while at T = T, the plots are
irregular, here a depends on temperature and elongation ratio simultaneously. Elastic force (f), energy contribution to elastic force (fy;), and
the ratio fy/f are also discussed at various temperatures. These investigations may provide some insights into elastic behaviors of compact
polymers at different temperatures, especially at low temperature.
© 2004 Elsevier Ltd. All rights reserved.
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1. Introduction effects of temperature on the elastic behavior of proteins
are always neglected.

Elastic behavior of protein molecule is of great
significance in understanding the mechanical characteristic
of protein. In fact, the elastic behavior of protein molecule is
almost the same as general polymer chain, for example, the
changes in Helmholtz free energy are from energy and
entropy for both compact polymer (protein) and general
polymer. The elasticity is an important phenomenon in
polymer physics. Kuhn et al. first studied rubber elasticity
using a Gaussian chain model in the 1930s [25,26]. Later on,
much effort was put into network theories based on the non-
Gaussian models [27,28]. However, in those theories,
rubber elasticity is athermal and independent of the
chemical structure of polymer chains. Then Abe and Flory
discussed the effect of the elongation of a polymer chain on
the apportionment of its bonds and bond sequences among
mpon ding author. Tel: +86-57187953261; fax: -+86- various rotz'ltional-isomeric sta'tes (RIS) [29]. Curro a}nd
57187951328, Mark provided a non-Gaussian theory of rubber-like
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Recently, there are a series of single molecule exper-
iments, in which proteins such as biotin and avidin are
stretched by mechanical forces, reveals a lot of information
about the mechanical properties of structural proteins and
provide detailed insights into intermolecular and intramo-
lecular forces [1—-15]. Mechanical experiments of atomic
force microscope (AFM) can extract information about free
energy landscapes of proteins and study directly the
mechanical characteristic of molecular motors and mech-
anical function in living organisms [3-5,16—19]. These
investigations can help us understand the origins of unusual
strength exhibited by muscle proteins [16]. Besides the
experiments, there also exist the theoretical studies of AFM
with some general approaches [20-24]. However, the

0032-3861/$ - see front matter © 2004 Elsevier Ltd. All rights reserved.
doi:10.1016/j.polymer.2004.03.025


http://www.elsevier.com/locate/polymer

3548 L. Zhang, T. Sun / Polymer 45 (2004) 3547-3554

network chain configurations and investigated rubber-like
elasticity on the basis of distribution functions for end-to-
end separation r of the chains using the Monte Carlo method
[30,31]. However, the thermodynamic properties of rubber-
like elasticity have not been investigated in detail. We have
discussed the conformational properties, especially the
conformational energy, of long polymethylene (PM) chains
with respect to rubber elasticity using the RIS model, and
the elastic behavior of short PM chains using the
enumeration calculation method considering the RIS
model and non-local interactions [32-35].

By ‘compact’, we prefer to those conformations of
single-chain molecules which are tightly packed, i.e. fully
contained within a volume of space (a box) with the
minimal (or near minimal) surface/volume ratio [36—38].
Compact polymer is one of the important polymers because
proteins are compact polymers [36,37]. Recently Dmitrii
and Zhisong investigated the force extension curves of
single protein molecules from the probability distribution
P(r) [39]. However, the interactions between residues (or
atoms) in protein molecules are ignored in their calculations
[39]. In fact, the interactions between residues (or atoms) in
protein molecules are very important. Perhaps, some special
behaviors of elastic forces in protein molecules depend
mainly on residue interactions. We have done some work in
investigating elastic behaviors of compact polymers. For
short compact polymers, we use the enumeration calculation
method to study elastic behaviors of compact polymers in
the process of tensile elongation [40], and for long protein-
like polymers, we use Monte Carlo method to discuss those
problems [41]. In these studies, the HP model [36-38,
42-441] is also adopted, and we mainly discussed the change
in conformations and thermodynamics properties in the
process of tensile elongation. However, the temperature
effect has not been considered in those investigations [40,
41]. In this paper, some effects of temperature on the elastic
behavior of short compact polymers are discussed by using
the enumeration calculation method based on two-dimen-
sional lattice model.

Organization of this paper is as follows: first, we briefly
describe the method of calculation. Then we discuss the
changes in average conformations at temperature 7 for
different chain lengths in the process of tensile elongation,
for example, the ratio of (L3)/(L3), and the characteristic
ratio of (R*)/Nb*>. We also present the scaling relationship
between the mean-square end-to-end distance (R?) and
chain length N. Some thermodynamics properties are also
studied here, such as average energy, Helmholtz free energy
and elastic force at different temperatures. At last, heat
capacity Cy at temperature T for different chain lengths is
also investigated in the process of tensile elongation.

2. Method of calculation

A compact polymer is modeled by a self-avoiding chain

of length N on square lattice. The Hamiltonian of the system
is

H=>g,,A0r—r) (1)
i<j
where g, is the contact energy between residue types u;

and Mj,ﬂlglnd A(r;—r)=1 if r; and r; are adjoining
lattice sites with i and j not adjacent along the chain, and
A(r; — r;) = 0 otherwise. The term in Eq. (1) refers to
intramolecular interactions. In the HP model, the hydro-
phobic energy, or the solvent effects, is a major contributor
to the energetics of protein folding. A favorable contact
energy, eyy = —1.0 is assigned to two non-consecutive
residues which are one lattice spacing apart, while the other
interactions, both eyp and epp are set equal to zero [37,38,
42-44]. In this paper, we only discuss short compact
polymer chains with all H sequences. Here, the enumeration
calculation method is adopted, and this means that we
calculate all the conformations of the chains in the process
of tensile elongation.

On the basis of the method above, now we will consider
the elastic behavior, especially the conformational energy of
short compact polymers. When a force f acts at the ends of a
compact polymer chain, the atoms (or residues) in the
compact polymer chain move a distance r along the
direction of the force. Thus, a lot of conformations vanish,
and the number of conformations decreases. In Fig. 1, if the
force f = 0, this is an isolated chain, and we assume that
the minimum of end-to-end distance is r;, (Fig. 1(a)). If the
force f # 0, the minimum of end-to-end distance along the
elongated direction becomes r;, +r (Fig. 1(b)). For
simplicity, the minimum of end-to-end distance r,,;, equals
to 1 (excluded volume is considered here). If the force acts
at the ends of the chain in the direction of x-axis, the
partition function of the system is

Z(r) = > exp(~E/kyT) )

where Y ; is the sum of the conformations whose x-axis
component of end-to-end distance is greater than r. In fact,
our formula is the same as Flory’s expression, i.e. Eq. (7) in
Chapter VIII [45] because D ; is the sum of all confor-
mations in Flory’s expression, while here Y’; is the sum of

+r
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force force
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Fig. 1. Conformations of an isolated chain (a) and of a chain with force
acting on (b). The minimum of end-to-end distance becomes from r to
r + ryin in the process of tensile elongation.
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the conformations whose x-axis component of end-to-end
distance is greater than r. This leads a difference in the
formula between our expression of partition function and
Flory’s one.

The radius of gyration tensor S is considered here to
measure the shape of compact polymer chains, and it is
defined as for two-dimensional polymer chain:

1 & See Sy
S = Sssi=( " " 3)
n+1 5 Sy Sy

where S; = col(x;, y;) is the position of bead i in a frame of
reference with its origin at the center of mass. The tensor §
can be diagonalized to form a diagonal matrix with two
eigenvalues L? and L3(L? = L3). We will discuss the ratio of
(L3)/(L3) at different temperatures in the process of tensile
elongation.

Elongation ratio A is obtained from the root-mean-square

end-to-end distance (R?)", and we define it as [40]

vV <R2>r

A= —— 4
V(R @
where (Rz), is the mean-square end-to-end distance of
compact chains with moving r along the direction of the
force and (R?), is the mean-square end-to-end distance of
compact chains without elongation. In the meantime, the
mean-square end-to-end distance (R?), is defined as

2 ZRzz o EilkeT
(R°), = —

Z o EfksT

i
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where Y ; is the sum of the conformations whose x-axis
component of end-to-end distance is greater than r.

We can also get the average energy (U) and Helmholtz
free energy (A) of the compact chains under various
elongation ratio A, and they are

ZE‘ o ElksT
(Uy= -

Z o ElksT

i

(6)

(A) = —kgTIn Y e HeT (7)

In the meantime, the force value f can be obtained from
the dependence of free energy (A) on the elongated distance
along the force direction [32—35,40,41,46]

9(A)

f:T (8

According to Newton’s third law, the force f is the elastic
force stored in the polymer chains.

The energy contribution to the elastic force fi; is also
defined by

_ )

fu ar
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The heat capacity Cy is defined as [47]

_ (U -y

c
v kp T2

(10)

3. Results and discussions
3.1. Average conformations

The conformations of proteins are very important
because the functions of proteins are determined directly
by the structures of proteins. To investigate the changes in
the shape of compact polymer in the process of tensile
elongation in more detail, we first calculate the radius of
gyration tensor S, defined by Eq. (3). The tensor S can be
diagonalized to form a diagonal matrix with two eigen-
values L? and I3 (L? = L3). We plot the ratio of (L3)/{L3) as
a function of temperature 7T for different chain lengths in the
process of tensile elongation, and the results are shown in
Fig. 2. Here, (L3) is parallel to the direction of elongation
and (L?) is vertical to the direction of elongation. First, we
find that the ratio of (L2)XL3) becomes small with
elongation ratio increasing for N = 15. This means that
the polymer chain has been elongated in the direction of
force. Here, we pay great attention to the relationship
between the ratio of (L3)/(L3)and temperature 7. In this
paper, we suppose kg = 1. In fact, here temperature is in the
unit of leyyl/kg. In the region of T > 3.0, the ratio of
(L})/{L3) hardly has any change for certain elongation ratio
A. With temperature 7 decreases, the value of (L7)/(L3)
increases. At low temperature, the value increases rapidly
with decreasing temperature. For A = 1.0 and 1.4, the
values reach 1.0 at 7 =0.125. It means that when
temperature decreases to one point, compact polymers
become globular structure. For A = 1.8, compact polymers
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Fig. 2. Ratio of (L3)/(L3) vs. T for different chain lengths in the process of
tensile elongation. Here, kg = 1.
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approach globular structure at low temperature 7 = 0.125,
and the value of (L3)/(L3) is close to 0.6. We also investigate
the relationship between the ratio of (L?)/{L3) and chain
length, and the results are also shown in Fig. 2. In Fig. 2,
when T > 0.4, the ratio of (L3)/(L3) is almost the same for
different chain lengths, and when T < 0.4, the ratio of
(L}H/(L3) with N = 15 is greater than that with N = 13 and
11. The ratio of (L3)/(L3) with N = 15 at T = 0.125 reaches
1.0, however, the ratio with N = 13 and 11 only reach 0.5. It
may have some correlations with the largest number of
contact of compact polymers. We know the largest number
of contact is f,, =9 for N =15, t,,, = 7 for N = 13 and
tmax = 6 for N =11 [36]. We can conclude at low
temperature (7 = 0.125), the shapes of compact polymers
approach globular, especially for long chain without
elongation. For example, the number of conformations
with the number of contacts t = 8 is 2705 for N = 15 in our
model, and there is almost 40 times large as r =9 (the
number of conformations with is 69 for t = 9). In fact, we
know that for one conformation with =8 at tempera-
ture T = 0.125, there is e E=¥ksT| o = 80125 —
6.23 X 10%’; however, for one conformation with 1 =9
there is e BT oo =201 =186%x10° =
3000 x e E=8ksT| <. So we conclude that at low
temperature there exists

Znge—E,/kBT Z R;Z e EilksT

o __i=9)
(R), = Z o ElkaT - o ElkaT lr—o.125
i

i(1=9)

at T = 0.125 for N = 15. When elongation ratio increases,
the number of conformations of compact polymers
decreases and this leads the ratio (L3)XL3) to decrease
from 1.0 with A = 1.0 to 0.6 with A = 1.8 at 7 = 0.125. An
example is also shown in Fig. 3, and we can know that the
shape of 15-bond compact polymer with ¢t = 9 approaches
globular structure. Here, ¢ is the number of contacts of
compact polymer chains.

The mean-square end-to-end distance (R?) is important in
investigating the changes in chain dimensions in the process
of tensile elongation. Fig. 4(a) shows the plots of the
characteristic ratio (R?)/Nb* (b = 1) vs. temperature T for
different chain lengths in the process of tensile elongation.

(@ (b)

Fig. 3. Two conformations of 15-bond compact chains with # = 9 (a), and
t = 6 (b), respectively. Here ¢ represents the number of contacts. In (a)
(t =9), the shape of compact polymer approaches globular, while in (b)
(t = 6), the shape is flat.
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Fig. 4. (a) Characteristic ratio (R*)/Nb? vs. T for different chain lengths in
the process of tensile elongation, and (b) ratio of (R*);/{R?)y_o.125 vs. T for
chain length N = 15 in the process of tensile elongation. Here, kg = 1.

In the process of tensile elongation, the forces acting on the
compact polymer chains do work, therefore the average
distances between atoms become large, and (R>)/Nb*
increases with elongation ratio A. In the meantime, when
temperature 7 > 3.0, the characteristic ratio hardly changes
with temperature for a certain elongation ratio. When
temperature 7 < 3.0, the characteristic ratio decreases
rapidly. At low temperature, the characteristic ratio is
relatively small, and the chains are more compact. In Fig.
4(a), we also find that the characteristic ratio also increases
with chain length increasing when 7' > 2.0, and it is almost
independent of chain length when 7' < 2.0 with a given
elongation ratio (here A = 1.4). In the meantime, we also
give the relative ratio of (R*)7/{R*)7—o.12s as a function of
temperature 7 with different elongation ratios for N = 15 in
the process of tensile elongation in Fig. 4(b). In Fig. 4(b) the
ratio of (R*)7/{R>)7_g1»s is almost independent of



L. Zhang, T. Sun / Polymer 45 (2004) 3547-3554 3551

elongation ratio A for N =15, and only depends on
temperature 7.

We also discuss the mean-square end-to-end distance
(R?) as a function of chain length N at different temperatures
T. Here, we consider two values of elongation ratio: A = 1.0
(without elongation) and A = 1.4. First, we introduce a
transition temperature 7., which we will be discussed in
more detail later. In Fig. 5(a), there are plots of (R?) as a
function of N at different temperatures without elongation
(A = 1.0) in double-logarithm scale. At T = 10.0, there is a
good line, and at 7 = 1.0, it also fits linear although there
exists ‘parity domino effect’ of lattice model. However, at
T = T., there is almost no correlation between (R*) and N.
When T = 0.2 (T < T,), it fits also linear too. Here, T, is a
transition temperature. When temperature 7 is larger than T,

a=1.47

10
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—v—T=0.2

10 20

(b)

Fig. 5. Double logarithmic plots of the mean-square end-to-end distance
(R?) vs. chain length N at different temperatures T with (a) A = 1.0 and (b)
A= 1.4. Here, kg = 1.

(T = 1.0) or smaller than T, (T = 0.2), the plots of (R?) as a
function of N all fit good linear in double-logarithm scale.
That means (R*) ~ N%, here a = 1.47, 0.93, and 0.90 for
A=1.0atT = 10.0, 1.0, and 0.2, respectively. Only at T =
T., the plot has no order. We also find that the scaling
exponent of the line increases with temperature 7' except
T = T.. That also means that the value of (R?) with chain
length N changes larger at high temperature. In fact, the
theoretical scaling exponent of two-dimensional self-
avoiding chain is o = 1.50 [48], and our result at T =
10.0 (@ = 1.47) is close to the theoretical one. Double
logarithmic plot of (R*) vs. N at different temperatures with
A = 1.4 are also shown in Fig. 5(b). The results are similar
to Fig. 5(a), therefore, we do not describe in detail here.

3.2. Thermodynamics properties

Average energy and average Helmholtz free energy per
bond at different temperatures are calculated by Egs. (6) and
(7), and Fig. 6 shows average energy per bond as a function
of temperature 7 for different chain lengths in the process of
tensile elongation. We find that average energy per bond for
15-bond compact chain increases with elongation ratio A,
especially at high temperature. The reason may be that the
number of contacts for compact polymers becomes smaller
in the process of tensile elongation, so average energy per
bond increases. However, the difference between different
elongation ratios become small at low temperature,
especially at T < 0.30. In this case, average energy depends
mainly on the largest number of contacts, and there almost
are the same for the largest number of contacts at A = 1.0,
1.4 and 1.8. At temperature 7" > 3.0, all the plots in Fig. 5
are nearly parallel to x-axis. But when temperature drops to
T < 3.0, average energy per bond also decrease with
temperature 7. At low temperature, average energy per
bond is very low. The reason may be that compact polymers
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Fig. 6. Average energy per bond (U) vs. T for different chain lengths in the
process of tensile elongation. Here, kg = 1.
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Fig. 7. Average Helmholtz free energy per bond (A) vs. T for different chain
lengths in the process of tensile elongation. Here kg = 1.

approach globular structure when temperature drops to 7 <
0.5. We also investigate the average energy per bond for
different chain lengths with A = 1.4. Average energy per
bond decreases with increasing chain length. For different
chain lengths, compact polymer all approaches globular
structure at low temperature.

In Fig. 7, we plot average Helmholtz free energy per
bond as a function of temperature 7 for different chain
lengths in the process of tensile elongation. For 15-bond
chain, the number of contacts becomes small with
elongation ratio increasing, so average Helmholtz free
energy per bond increases. Considering the case of A = 1.4,
average Helmbholtz free energy per bond of N =13 is
smaller than that of N = 11, and larger than that of N = 15.
The data fall fairly well on a straight line when T > T,
(= 0.7) because there is (A) = —kgT In Y ;e E/*sT 50 when
T is larger, 3 ;e E/T is almost the constant at different

temperatures. We can conclude that when 7' > T, the plots
of average Helmholtz free energy per bond as a function of
temperature 7 fit good linear. When T < T, there is a
different relation between average Helmholtz free energy
per bond and temperature.

We calculate the elastic force stored in the short compact
polymer chains according to Egs. (8) and (9). Fig. 8 shows
the plots of elastic force per bond as a function of elongation
ratio for different chain lengths at different temperatures.
We have discussed the case of 7 = 1.0, and concluded that
the elastic forces increase slowly with elongation ratio A for
small A, and increase abruptly for large A [40]. When
temperature drops to 7' = 0.4, the elastic force increases
quickly then smoothly. So are 11-bond and 13-bond chains
at T = 0.4. However, the value of elastic force per bond for
15-bond chain is the largest one and 11-bond is the smallest.
This is also in accord with the results in Fig. 7. If
temperature drops again to (7 = 0.2), the trend of the
curve for 15-bond chain increases first, then goes smoothly,
at last it falls a little. At low temperature, the compact
polymer shows its native state evidently. In Fig. 8, we also
give the plot of elastic force for 15-bond Gaussian chain. In
fact, interactions and self-avoiding are not considered for
Gaussian chain. Here, we compare it with 15-bond compact
chainat T = 1.0. When A < 2, the two curves are almost the
same. While A > 2, elastic force of 15-bond compact chain
at T = 1.0 is larger than that of 15-bond Gaussian chain.
When the chain is most elongated, elastic force becomes
smaller with temperature increasing, and the elastic force of
Gaussian chain is the smallest one at 7 = 1.0. However, our
calculated results have much difference than the experiment
results [3,4]. The reason may be that in the AFM experiment
one conformation of protein is measured, and after one
contact between residues break away, this contact cannot be
formed again, while our calculation is the average of many
possible conformations. In fact, the AFM experiment results
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Fig. 8. Elastic force per bond f vs. elongation ratio for different chain lengths at different temperatures. Here, 15-bond Gaussian chain is also considered, and
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Fig. 9. Energy contribution to elastic force per bond fi; vs. elongation ratio
for different chain lengths at different temperatures. Here, kg = 1.

of elastic force of proteins are obtained from non-
equilibrium states of proteins; however, our results are
from equilibrium states of compact polymers. Because the
molecule is stretched by moving the surface, with uniform
speed, away from the cantilever, the force is time
dependent. This leads there exist some differences between
our theoretical results and the experiment ones.

Energy contribution to elastic force fi; is very important
to investigate the changes in conformations. Here, we
calculate f; for different chain lengths at different
temperatures, and the results are shown in Fig. 9. At T =
1.0, the value of fi; increases first, then drops for 15-bond
chain [40]. In the region of A = 1.60—1.80, there is a
maximum one. When temperature decreases (7' = 0.4), the
maximum value of fi; increases. The maximum value of f;;
means the number of vanishing conformations is the largest.
At T = 0.4 for N = 11 and 13, there both have two peaks.
But for N = 15, only one peak is found. In the meantime, at
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Fig. 10. The ratio fy/f vs. elongation ratio for different chain lengths at
different temperatures. Here, kg = 1.

T = 0.2, there hardly changes in the region of A=
3.50-5.50 for N = 15.

The ratio fy/f vs. A are also considered in Fig. 10. At
T = 0.2, the value of f/f for 15-bond compact chains keep
relatively constant in the process of tensile elongation, and the
value is about 0.2. As temperature increase to 7 = 0.4,
the plot first increases then drops, and it has one peak, and
the ratio of f;/f is greater than that at 7 = 0.2. However, at
T = 1.0, the value of fy/f first increases a little then
decreases as A increases. We also consider the ratio of f;/f at
T = 0.4 for 11-bond, and 13-bond compact polymers. We
find the curves all have one peak, and the maximum value of
fulf becomes larger with chain length decreasing.

At last, we discuss the heat capacity Cy, and in Fig. 11 it
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Fig. 11. Cy vs. T for different chain lengths in the process of tensile
elongation. Here, kg = 1.
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is shown Cy as a function of temperature 7 for different
chain lengths in the process of tensile elongation according
to Eq. (10). The coil-to-globule transition temperature T,
can be estimated from the location of the main peak on the
heat capacity plot as a function of temperature. Fig. 11(a)
shows the plots of Cy, as a function of temperature T for 15-
bond compact polymer chain with different elongation
ratios A. With A = 1.0 and 1.4, we see that besides the
subsidiary peak at low temperatures, the specific heat
exhibits also a strong, fairly broad peak at a higher
temperature which correspond to 7,, and with A = 1.8,
there is only one peak. We also calculate the heat capacity
Cy of compact polymers with N < 15. For example, 14-
bond compact chain with A = 1.0 has also two peaks while
others all have only one peak. So, we suppose that if chain
length is longer, there may also have two peaks in the plots
of Cy as a function of temperature. Besides the main peak
corresponding to the collapse transition, there is also a
subsidiary peak at a lower temperature. As discussed in Ref.
[49], this subsidiary peak presumably describes the rough-
ening transition. Fig. 11(b) shows the plots of Cy as a
function of temperature 7 for 11-bond, 13-bond and 15-
bond compact polymer chains with A = 1.4. The values of
T, are 0.333, 0.5, and 0.667 for N =11, 13, and 15,
respectively. That is said that the value of 7, increases with
N at the same elongation ratio. In Fig. 11(a), the values of T,
for 15-bond chain at different elongation ratios are very
near, and they are 0.667, 0.667, and 0.5 for A = 1.0, 1.4, and
1.8, respectively. The results of these microscopic calcu-
lations may explain some macroscopic phenomena of
elasticity of compact polymers. The elastic behavior of
compact polymers at low temperature can provide some
insights into the structure of compact polymers in the native
states.
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